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Two-dimensional finite element simulations are presented for the extension of stiff viscoplastic layers
embedded in a weaker viscous matrix. Layers and matrix exhibit power-law flow laws and the layers
exhibit additionally a von Mises yield stress. The power-law flow law applies to rock deformation in the
diffusion and dislocation creep regime and the von Mises plasticity to the low-temperature plasticity
regime (e.g. dislocation glide). Simulations show that pinch-and-swell structure forms for small viscosity
ratio (i.e. 10—20) and typical power-law stress exponents (i.e. 1-5). The pinches in layers with initial
random geometrical perturbation form consecutively (i.e. not simultaneous). In multilayers, pinches
on both the single-layer- and the multilayer-scale develop. Furthermore, shear zones develop due to
the oblique linkage of pinches across the multilayer. These shear zones have a stable position, cause
a normal drag geometry and exhibit significant displacement. The numerical results and the importance
of low-temperature plasticity are supported by field observations, microstructural observations and EBSD
orientation maps for pinch-and-swell structure in calcite veins. The presented models can explain strain
localization by shear zone formation during bulk pure shear extension of viscoplastic multilayers without
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any material softening or feed-back mechanism (e.g. shear heating).
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1. Introduction

Pinch-and-swell structure (Fig. 1) can form during the layer-
parallel extension of a stiff viscous layer embedded in weaker
viscous layers, referred to here as matrix (e.g. Ramberg, 1955;
Smith, 1977; Neurath and Smith, 1982; Price and Cosgrove, 1990).
The process of strain localization generating the ductile pinches in
the layer is often termed necking (e.g. Price and Cosgrove, 1990).
Theoretical analysis based on continuum fluid dynamics showed
that pinch-and-swell structure cannot form in a layer exhibiting
a linear viscous (Newtonian) rheology, but only in a layer exhibiting
a non-linear viscous rheology, such as for example described by
a power-law flow law with a power-law stress exponent, n, larger
than one (e.g. Smith, 1977; Emerman and Turcotte, 1984; Johnson
and Fletcher, 1994; Pollard and Fletcher, 2005). Analytical and
numerical results further showed that viscosity ratios, R, between
layer and matrix must be considerably larger than about 20 and n
>~10 so that pinch-and-swell structure develops within
a reasonable amount of extension, say less than about 200%
(Schmalholz et al., 2008).

The actual value of R that was present during the formation of
natural pinch-and-swell structure is not easy to constrain but may

* Corresponding author.
E-mail address: stefan.schmalholz@unil.ch (S.M. Schmalholz).

0191-8141/$ — see front matter © 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jsg.2012.01.026

often be within a range of about 10—100, which is an estimate
based on analysis of single-layer folds (e.g. Hudleston and
Treagus, 2010 and references therein). On the other hand, basi-
cally all values of n determined from laboratory rock deformation
creep experiments for the dislocation creep, the diffusion creep and
the grain-boundary sliding regime are less than 10 and typically
below about 5 (e.g. Carter and Tsenn, 1987; Kohlstedt, 2007). If
values of n would indeed always be smaller than 10, or even 5, for
rock, then the fluid dynamic theory using power-law flow laws
could not explain the formation of pinch-and-swell structure for
moderate to small viscosity ratios (say <50). This limitation has
been suggested in some studies where viscosity ratios in nature are
mainly small (< ~20) and values of n are smaller than about 5 and,
consequently, softening mechanisms, such as for example, strain-
rate softening caused by chemical reactions, are essential for the
formation of pinch-and-swell structure for small viscosity ratios
(e.g. Hobbs et al., 2010). The term softening refers here to the
applied constitutive equation (or flow law) which controls the
evolution of stress and one can distinguish: (1) strain-rate softening
that is a decrease of stress with increasing strain-rate and (2) strain
softening that is a decrease of stress with increasing strain. In both
cases, the softening is described by the applied flow law for the
material behavior and is usually termed material softening. This
material softening is different to the so-called structural softening
that arises due to the development of structural instabilities and
can also occur for linear viscous materials (e.g. Schmalholz et al.,


mailto:stefan.schmalholz@unil.ch
www.sciencedirect.com/science/journal/01918141
http://www.elsevier.com/locate/jsg
http://dx.doi.org/10.1016/j.jsg.2012.01.026
http://dx.doi.org/10.1016/j.jsg.2012.01.026
http://dx.doi.org/10.1016/j.jsg.2012.01.026

S.M. Schmalholz, X. Maeder / Journal of Structural Geology 37 (2012) 75—88

Fig. 1. a) Pinch-and-swell structure in layers of calc-silicate embedded in coarse-grained calcite marble (Monte Frerone, Adamello, Northern Italy). b) Pinch-and-swell structure in
calcite vein in limestone (Doldenhorn nappe at Gemmipass, Leukerbad, Central Switzerland).

2005). If material softening is essential to generating pinch-and-
swell structure, then pinch-and-swell structure would be a direct
indicator for softening mechanisms in deformed rock, which would
be important because it is usually difficult to find direct evidence
for material softening in naturally deformed rock. This study
investigates if pinch-and-swell structure can form for small
viscosity ratios without any material softening.

It is well established by laboratory experiments of rock defor-
mation and theoretical analysis that for lower temperature and
correspondingly higher stress the power-law flow law representing
dislocation creep (i.e. n = ~3-5) fails to fit the laboratory creep
data (i.e. so-called power-law breakdown) and that an exponential
flow law better explains the creep data (e.g. Tsenn and Carter, 1987;

Kohlstedt, 2007). The stress at which the power-law breaks down
for rock can be roughly estimated by dividing the rock’s shear
modulus by hundred, what yields several hundreds of MPa for most
rocks (Tsenn and Carter, 1987). The deformation behavior at lower
temperatures and higher stresses is often termed low-temperature
plasticity and for silicate minerals is accomplished by dislocation
glide (Kohlstedt, 2007 and references therein). The dislocations
must overcome the resistance of the lattice itself which is often
referred to as the Peierls barrier (Kohlstedt, 2007). Low-
temperature plasticity has been experimentally observed in
coarse-grained dolomite (Davis et al., 2008), clinopyroxenite (Kirby
and Kronenberg, 1984) and olivine (Goetze, 1978). For Carrara
marble, the power-law flow law breaks down for stresses above
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~100 MPa and exponential flow laws for low-temperature plas-
ticity can describe the deformation of Carrara marble for the high
stress regime (Schmid et al., 1980), which requires effective (or
apparent) stress exponents significantly larger than 10 (Schmalholz
and Fletcher, 2011). These results agree with torsion experiments
on Carrara marble at 500 °C that provided values of n between 25
and 17 for shear strains between 1.5 and 4, respectively (Barnhoorn
et al., 2004). From a strict mathematical point of view, high stress
experimental creep data can be equally well fitted with either
a power-law flow law or an exponential flow law, however, values
of n are then usually significantly larger than 10. For example,
values of n = 49 + 7 were measured for coarse-grained Madoc
dolomite (Davis et al., 2008) and n = ~83 were measured for cli-
nopyroxenite (Kirby and Kronenberg, 1984). Schmalholz and
Fletcher (2011) showed that the linearized forms of the power-
law and exponential flow laws are identical and they derived
formulas for the effective viscosity and n corresponding to the
exponential flow law. For example, the effective power-law stress
exponents, n, for the exponential flow laws determined for Jadeite
and Diopside (Dorner and Stockhert, 2004) can be calculated by the
method of Schmalholz and Fletcher (2011), which provides for both
Jadeite and Diopside values of n ranging from about 25 to 60 for
corresponding temperatures ranging from about 600 to 200 °C
(larger values of n correspond to smaller values of temperature). For
calcite deformation, experimental results indicate that an expo-
nential flow law is more suitable than a power-law flow law at low-
temperature and that the apparent power-law stress exponent can
be significantly larger than 10 for higher stresses (>~50 MPa,
Renner and Evans, 2002). Also, Renner et al. (2007) found experi-
mentally that for two-phase marbles, the strength becomes rather
strain-rate insensitive toward high stresses and large grain size.
They determined apparent values of n of up to 20. With these
effective (or apparent) values for n the fluid dynamic analytical
solutions for folding and necking (derived for power-law flow laws,
Smith, 1977) can also be applied to exponential flow laws, which
not only have been applied to describe low-temperature plasticity,
but also pressure solution (e.g. Rutter, 1976; Gratier et al., 2009).
The high effective values of n (>10) determined for the low-
temperature plasticity regime indicate an extremely weak depen-
dence of differential stress on strain-rate and therefore, the defor-
mation behavior for large n can be approximated with a von Mises
plasticity (e.g. Kaus and Podladchikov, 2006). Von Mises plasticity
provides a constant stress for all strain-rates and strains (i.e.
n — o) and therefore, is not a softening behavior (Fig. 2). Also,
Turcotte and Schubert (1982) showed that a perfect plasticity
model, such as von Mises plasticity, is a good approximation for the
high stress deformation behavior of rock.

In this study, two-dimensional (2D) numerical simulations based
on the finite element method are performed for the extension of
a layer exhibiting a power-law viscous rheology and a von Mises
yield stress that is embedded in a matrix with power-law viscous
rheology. The stress in the layer is initially slightly below the von
Mises yield stress and initial small perturbations either in the layer
geometry or in the layer viscosity cause a local stress increase and,
therefore, local plastic yielding. The change from a power-law
viscous rheology to a von Mises plasticity represents the change in
deformation regime from dislocation creep (or diffusion creep for
n = 1) to low-temperature plasticity (or dislocation glide). Simula-
tions are also performed for multilayers to investigate whether and
how multilayer pinch-and-swell structure forms. Moreover, thin
sections and Electron Backscatter Diffraction (EBSD) orientation
maps are investigated for pinch-and-swell structure in calcite veins.
The microstructural observations indicate low-temperature grain-
boundary migration and subgrain rotation, which is achieved by
dislocation glide and cross slip, consistent with plastic behavior.
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Fig. 2. Sketch of the applied stress versus strain-rate curve for a material with power-
law flow law and a von Mises yield stress. Numbers are in arbitrary units (a.u.). The
power-law flow law was calculated for three power-law stress exponents, n. The
power-law flow law is used to model dislocation creep (e.g. n = 5) or diffusion creep
(n = 1) and the von Mises plasticity is used to model low-temperature plasticity (or
dislocation glide).

The main aims of this study are (1) to show that fluid dynamic
models including von Mises plasticity but without any material
softening can explain the formation of pinch-and-swell structure
for small viscosity ratios, (2) to show that low-temperature plas-
ticity is a rock deformation behavior which can explain the
formation of pinch-and-swell structure, (3) to show that shear
zones exhibiting significant displacement can form in viscoplastic
multilayers and (4) to show that significant strain localization can
occur without any material softening or feed-back mechanism (e.g.
shear heating).

2. Numerical model

The equations of continuum mechanics describing the conser-
vation of linear momentum (i.e. force balance equations) for slow
viscous flow without gravity in 2D are (e.g. Batchelor, 1967)

00xx  OTxy _ 0

0x oy 1)
0Txy  Ooyy

ox oy

where x and y are the horizontal and vertical Cartesian coordinates,
respectively, d/dx and d/dy indicates the partial derivative with
respect to the x- and y-direction, respectively, oxx and o,y are total
stresses and Ty is the shear stress. The constitutive equations for
the power-law viscous rheology for incompressible fluids are (e.g.
Johnson and Fletcher, 1994)
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where p, v, vy, 10, D and E are the pressure, the horizontal velocity,
the vertical velocity, a reference viscosity, a reference strain rate
and the square root of the second invariant of the rate of defor-
mation tensor, respectively (Johnson and Fletcher, 1994). The
reference strain rate, D, could be included in the definition of 7.
However, D is introduced because, first, 7¢ is then a normal refer-
ence viscosity in terms of units (i.e. Pa s) and can be used to define
a reference viscosity ratio, R, between strong and weak layers, and,
second, one can better distinguish if variations in the ratio of 5
between strong and weak layers are due to variations in material
properties (i.e. 79) or due to variations in the flow field (i.e. E/
D =+ 1). Consequently, D is set in all simulations to the corre-
sponding value of E for bulk pure shear extension. For n >1, if flow
perturbations lead to E > D then 7 decreases with increasing strain-
rate with respect to the reference viscosity (i.e. viscosity strain-rate

asS=1
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/
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softening) but the stress is still increasing with increasing strain-
rate (i.e. strain-rate hardening, Fig. 2). If E < D then 7 increases
with decreasing strain-rate with respect to the reference viscosity.
In our simulations, the applied power-law viscous flow law does
not describe a material strain-rate softening for which the stress
decreases with increasing strain-rate. Such strain-rate softening
can also be investigated with power-law viscous flow laws by
setting n < 0 (e.g. Montesi and Zuber, 2002). The non-linear power-
law rheology is only notable if the deformation inside the model
domain deviates from the applied bulk pure shear deformation and
power-law effects do not exist if the strain-rate in the model
domain is constant.

For incompressible materials the plasticity criteria of von Mises
and of Tresca are identical (e.g. Yarushina et al., 2010) and the von
Mises yield stress, oy, is given by the square root of the second
invariant of the deviatoric stress tensor

gy = T = 1/‘[)2(X+T)2(y (5)
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/
U’ T
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Fig. 3. Two representative numerical simulations showing the evolution of stress during the formation of pinch-and-swell structure for two models. a) illustrates the set-up for
Model 1. The stiff layer is placed between two weaker layers and within the layer is a circular domain which is slightly weaker than the layer. d) illustrates the set-up for Model 2.
The stiff layer is placed between two weaker layers. The layer has initially a small geometrical perturbation at the top layer boundary which makes the layer a little thinner in the
middle. For both models R = 20, n = 5 and n; = 1. S is the stretch, i.e. ratio of model width to initial model width. Colors indicate the value of the square root of the second invariant
of the deviatoric stress tensor, 7y, which is normalized by the characteristic stress, 1o (i.e. product of reference viscosity of the matrix times the bulk rate of extension). a)—c) show
results for model 1 and d)—f) for model 2. The dimensionless yield stress is 40.25 for both simulations.



S.M. Schmalholz, X. Maeder / Journal of Structural Geology 37 (2012) 75—88 79

where T4 = 0xx + D, i.e. the deviatoric stress in the horizontal
direction. If viscous stresses are predicted to exceed the yield stress,
i.e.

T — O'y>0 (6)
then the viscosity is set to
n = oy/2E (7)

Therefore, the viscosity for a power-law viscous material with
von Mises yield stress is

no(E/Dy ! if tp—oy <0
Uy/ZE if ‘C[]*O'y>0

n
Ui

(8)

The applied viscoplastic formulation is based on the algorithm
described in Lemiale et al. (2008). The resulting stress versus strain-
rate curve for a combination of a power-law flow law and a von
Mises plasticity is shown in Fig. 2 (see also Pollard and Fletcher,
2005).

The applied finite element code is based on the fast solver
MILAMIN (Dabrowski et al., 2008). A mixed velocity-pressure
formulation is used with 7-node triangular elements (e.g.
Cuvelier et al., 1986). The finite element mesh is deformed after
each time step with the corresponding velocities and re-meshed
with the mesh generator Triangle (Shewchuk, 2002) once the
individual elements are too distorted. For each time step the
viscosities are calculated iteratively. A more detailed description of
the finite element algorithm can be found in Schmalholz et al.
(2008).

The model set-up is illustrated in Fig. 3a and d. The numerical
model domain is initially rectangular (x-direction is horizontal and
y-direction is vertical) and always remains rectangular during the
deformation. On all four boundaries free slip is applied. Velocity
boundary conditions are applied and the velocities orthogonal to
the model boundaries are modified at each time step to generate
a pure shear horizontal extension of the numerical domain with
a constant bulk rate of deformation (i.e. relative velocity between
two model boundaries divided by the distance between these
boundaries). Two basic models are considered: in model 1 (Fig. 3a)
the stiff layer contains a circular inclusion in which the reference
viscosity is 10% smaller than the one in the layer and in model 2
(Fig. 3d) the top layer boundary exhibits a geometrical perturbation

which generates a slightly smaller layer thickness. The geometrical
perturbation has a sinusoidal shape with amplitude of 1/50 of the
initial layer thickness. All results are displayed in dimensionless
form and the three characteristic scales are the initial layer thick-
ness, the constant bulk rate of extension, D, and the reference
viscosity in the matrix. With these three scales all model parame-
ters are non-dimensionalized. This yields, for example, that for
homogeneous pure shear deformation E = 1 and consequently
1 = No-

3. Numerical results

Fig. 3 shows two representative simulations of the formation of
pinch-and-swell structure for the two models applied. The refer-
ence viscosity ratio R = 20, the power-law stress exponent in the
layer n = 5 and in the matrix n; = 1. For model 1 the viscosity in the
circular inclusion was 10% less than the one in the layer. The
dimensionless value of 1y1/7g (70 is the characteristic stress that is
the product of the reference viscosity in the matrix times the bulk
rate of extension, D) is 40 in both simulations if there are no
perturbations in the layer. The dimensionless value of ay/7g is set to
40.25, so that the layer is initially only plastically yielding in these
areas that exhibit increased stresses due to the applied perturba-
tions. Therefore, only small areas around the perturbations are
plastically yielding at the onset of extension. Both simulations show
that significant necking takes place and pinch-and-swell structure
is well developed for a stretch, S (i.e. ratio of model width to initial
model width), of about 2 (i.e. 100% extension). In both models, the
layers are unloading to the left and right of the neck (pinch) at
S = 2.1, which causes a decrease in the value of ty/7¢. The results
also indicate that the type and shape of the initial perturbation is of
minor importance. However, the magnitude of the initial pertur-
bation is important, and smaller initial perturbations generate well
developed pinch-and-swell structure for larger values of S whereas
larger initial perturbations generate well developed pinch-and-
swell structure for smaller values of S.

The thinning factor, § (i.e. ratio of layer thickness at the neck to
initial layer thickness), is plotted versus S for eight simulations in
Fig. 4. For model 1, a decrease in R causes, as expected, slower
thinning with extension (i.e. weaker necking instability), however,
a pinch-and-swell structure is well developed also for R = 10 at

= ~2.35 (with n = 5 and n; = 3). A matrix with n; = 3 causes

—— R=20,n=5,n,=1, M1
R=20,n=5,n,=3, M1
R=10,n=5,n,=3, M1
———— R=20,n=5,n,=1, M2
R=10,n=5,n1=3, M2
R=20,n=1,n,=3, M2
1 | ==mmimmm R=20,n=1,n1=1, M2
R=2O,n=5,n1=1, no VP

. Pure shear thinning

1 1.5 2

Fig. 4. The thinning factor (3 (i.e. ratio of layer thickness to initial layer thickness at the neck), is plotted versus the stretch, S, for eight simulations. Values of reference viscosity ratio,
R, power-law exponent of the layer, n, and of the matrix, ny, are given in the legend. M1 indicates model set-up 1 (material perturbation) and M2 indicates model set-up 2
(geometrical perturbation, see Fig. 3). The label “no VP” indicates that no von Mises plasticity was activated. For reference, the line for homogeneous pure shear thinning is also

plotted.
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a significantly stronger necking instability than with n; = 1 and
pinch-and-swell structure is already developed for R = 20 at
S= ~175and for R = 10 at S = ~2.1. For all simulations where the
matrix exhibited n; = 3, the thinning rate is more or less constant
for very small values of 3, whereas for a linear viscous matrix with
n1 =1 the thinning rate slows down (Fig. 3f). Pinch-and-swell also
develops if the layer is linear viscous (n = 1) with a von Mises yield
stress and for a matrix with n; = 3. If both the layer and the matrix
are linear viscous with n, ny =1, then pinch-and-swell still develops
but only for S >3. If no plastic yielding is activated, then the necking
instability is, as predicted by the analytical solution of Smith (1977),
weak for the applied values of R, n and n; and no significant pinch-
and-swell structure develops because thinning at the neck is only
slightly faster than the background pure shear thinning of the
entire layer. For the chosen parameters, the thinning for model 2
with the geometrical perturbation is faster than the thinning for
model 1 for the same values of R, n and n;. At the beginning of
extension, the thinning curves for all models more or less coincide
and follow the thinning curve for pure shear thinning until about
S = 1.2. This amount of extension in the initial phase of homoge-
neous pure shear thinning is controlled by the magnitude of the
initial perturbation. For smaller initial perturbations, the initial
homogeneous pure shear thinning phase occurs over a larger range
of extension, whereas for larger initial perturbations the homoge-
neous pure shear thinning phase occurs over a smaller range of
extension and the thinning curves can diverge already from the
beginning of extension.

Figs. 5—7 show three representative simulations of pinch-and-
swell formation in single and multilayers with initial random
geometrical perturbations of the layer boundaries. The geometrical
perturbations at each numerical node of the two boundaries of each
layer were generated with a random number generator and then

numerically smoothed using a diffusion algorithm (Schmalholz,
2006) to generate smooth layer boundaries with initial perturba-
tion amplitudes not exceeding 1/33 of the initial layer thickness. For
the simulation shown in Fig. 5, the matrix above and below the
layer has an initial dimensionless thickness of 3 (normalized by the
layer thickness). The applied values were R=15,n=3 and n; =3.In
the early stages of extension, five pinches (the dark red areas in the
layer) with more or less constant spacing initiate. This low-
amplitude stage can be described with the analytical solution of
Smith (1977). However, the results show that with progressive
extension, individual pinches do not form simultaneously. The first
pinch develops in the left part of the layer and is controlled by the
applied initial perturbation. Afterward, additional pinches develop
in the middle and right of the layer. Individual boudins are also
extended while pinches develop to their left and right side. The
stress in individual boudins strongly reduces because the high
stresses are localized in the pinches. However, if the aspect ratio
(i.e. ratio of length to thickness) of individual boudins is still high
(>~6), then the boudins are stressed to such an extent that new
pinches can form in the center of individual large-aspect-ratio
boudins. Individual boudins are stressed due to shear coupling
with the matrix but not by the layer-parallel extensional stress
throughout the layer. The maximal bulk extension shown in Fig. 5 is
about 270%.

Fig. 6 shows a simulation with three layers with initial random
geometrical perturbations for R = 15, n = 5 and n; = 3. The three
layers have the same properties. The initial dimensionless thickness
of the matrix above and below the three layers is 3. The initial
dimensionless thickness of the bottom layer is 0.5, of the middle
layer is 1 and of the top layer is 0.75. The initial dimensionless
thickness of the matrix between the two lower layers is 0.5 and the
one of the matrix between the two upper layers is 0.75. Pinch-and-

T - - T e T e - o

I
5 10 15

: _
20 25 T"/T

Fig. 5. Numerical simulation showing the formation of pinch-and-swell structure in a layer with initial random geometrical perturbations on the top and bottom layer boundary.

R=15n=3and n,

= 3. Colors indicate the value of the square root of the second invariant of the deviatoric stress tensor, t;;,, which is normalized by the characteristic stress, 7 (i.e.

product of reference viscosity of the matrix times the bulk rate of extension). For better visualization, only a portion of the matrix (blue domain) is shown in the individual plots. The

dimensionless yield stress is 30.25.
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Fig. 6. Numerical simulation showing the formation of pinch-and-swell structure in three layers with initial random geometrical perturbations on the top and bottom layer
boundary and with different initial thickness and spacing. R = 15, n = 5 and n; = 3 for all layers and matrix. Colors indicate the value of the square root of the second invariant of the
deviatoric stress tensor, ty;, which is normalized by the characteristic stress, 7o (i.e. product of reference viscosity of the matrix times the bulk rate of extension). For better
visualization, only a portion of the matrix (blue domain) is shown in the individual plots. The dimensionless yield stress is 30.25.

swell formation is fastest in the thinnest, lower layer because for
this layer the initial amplitudes are largest relative to the initial
layer thickness. After some extension, the three layers start to
behave as one (anisotropic) layer and develop two pinches on the
scale of the multilayer. Individual boudins in individual layers are
locally strongly curved. The large pinch in the left of the multilayer
has the geometry of a shear zone with a normal fault shear sense
(i.e. left side moves relatively down).

Fig. 7 shows a simulation with nine layers with initial random
geometrical perturbations for R = 20, n = 5 and ny = 3. The
dimensionless thickness of the stiff layers is always 1, the dimen-
sionless thickness of the weak interlayers is 0.5 and the one of the
bottom and top weak layer is 6. Until about 76% extension (Fig. 7c)
the layers are more or less horizontal and several pinches have
formed in the layers with the largest pinch in the bottom layer. At
87% extension, several pinches are oriented along two oblique
shear zones across the multilayer with normal shear sense. The
larger shear zone is in the right of the model and dips to the left
whereas a smaller shear zone is in the left of the model and dips to
the right. At 98%, the shear zones have further developed but do not

transect the entire multilayer. At 137%, the shear zone in the right of
the model transects the entire multilayer and considerable strain
and displacement are localized along this zone. The shear zone
formed due to the oblique linkage of pinches across the multilayer.
Individual layers are dragged and bent into the shear zone and
clearly indicate the shear sense. At 191%, the shear zone is slightly
curved (convex upwards) and exhibits significant displacement.
The layers surrounding the shear zone exhibit a shape termed
normal drag in the context of flanking structures (e.g. Grasemann
et al,, 2003) or normal faulting (e.g. Grasemann et al., 2005), but
this particular geometry developed during bulk pure shearing. A
second smaller shear zone also developed in the left of the model.
The entire multilayer has developed one pinch-and-swell structure
where significant deformation occurred in a single shear zone by
simple shear. This process is different to the pinch-and-swell
formation in the single layers where the pinch forms due to pure
shear thinning and not simple shearing. This shear zone develop-
ment in the multilayer is, therefore, a true multilayer effect because
such shear zones did not develop in the single-layer simulations
during bulk pure shear extension.
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Fig. 7. Numerical simulation showing the formation of pinch-and-swell structure and shear zones in nine layers with initial random geometrical perturbations on the top and
bottom layer boundary. R = 20, n = 5 and n; =3 for all layers and matrix. Numbers indicate bulk extension in %. Colors indicate the value of the square root of the second invariant of
the deviatoric stress tensor, 1y, which is normalized by the characteristic stress, 7q (i.e. product of reference viscosity of the matrix times the bulk rate of extension). For better
visualization, only a portion of the matrix (blue domain) above and below the multilayer is shown in panel a). The dimensionless yield stress is 40.25.

4. Field observations, microstructures, deformation
mechanisms and flow laws

Fig. 8a and b shows two examples of single-layer pinch-and-
swell structure in calcite veins in fine-grained calcite rock from the
inverse limb of the Morcles fold nappe (Grand Chavalard, Western
Switzerland). The calcite veins exhibit features similar to the
numerically simulated pinch-and-swell structure for random initial
perturbation (Fig. 5), such as for example: (1) the distance between
individual boudins varies, indicating a non-simultaneous and
consecutive formation of the pinches; and (2) some boudins show
half-developed pinches in their middle indicating that the ductile
deformation stopped before the pinch fully developed. The multi-
layer of calcite veins in Fig. 8c is from the same location as the
calcite veins shown in Fig. 8a and b. The multilayer exhibits a shear
zone with a normal shear sense that is similar to the shear zones in
the numerical simulations with the multilayers (Figs. 6 and 7). The
individual calcite layers in Fig. 8c also exhibit pinch-and-swell

structure. The calcite layers are also slightly curved and exhibit
normal drag geometry with respect to the shear zone, which is
similar to the geometry of the layers around the shear zone in the
simulations (Fig. 7g). A thin calcite layer above the shear zone
seems to be unaffected by the shear zone indicating that the shear
zone is localized around the multilayer, which is again similar to the
shear zone in the numerical simulations.

Fig. 9 shows a thin section of a calcite vein in a fine-grained
calcite rock from the same location as the calcite veins shown in
Fig. 8. The vein exhibits a pinch-and-swell structure (Fig. 9a). The
grain-size distribution in the vein is heterogeneous with large
grains of several millimeters in the swell (Fig. 9a, b and d) versus
about 25 pm in the pinch (Fig. 9c). In the swell, the grain interiors
exhibit abundant twins, which are often smoothly bent and/or
exhibit some kinks. Some twins become narrower toward the
grain-boundary or have lensoid shapes (Fig. 9b), showing typical
features of type IIl twins as described by Burkhard (1993). The
bending of twins is interpreted to result from dislocation glide
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Fig. 8. a) and b) Single-layer pinch-and-swell structure in calcite veins in marble. c) Shear zone in multilayer calcite veins in marble. Individual calcite veins show pinch-and-swell
structure. All photos are from the inverse limb of the Morcles nappe, Grand Chavalard, Western Switzerland.

(Burkhard, 1993). Undulose extinction is common in the larger
grains. Small calcite grains of similar size (10—30 pm) surround the
coarse grains and developed along the grain boundaries and some
twin lamellae (Fig. 9b). The small grains are usually arranged in
bands. These small grains show no undulose extinction and no
twins. The average grain size within the thicker pinch (left part of
Fig. 9a) is considerably larger than the grain size within the thinner
pinch (Fig. 9c). Electron backscatter diffraction (EBSD) orientation
map for an area in the swell of a calcite vein (from the same location
as the veins in Fig. 8) shows that the grains smaller than about
30 um, which developed between the large grains, have no internal
misorientation and no subgrains, which confirms the thin sections
observations (Fig. 10). Larger grains show internal misorientation
gradients and subgrains based on progressive change of colors
inside the grains in the EBSD map (Fig. 10). Grains larger than 1 mm
show deformation bands and progressive internal misorientation

of more than 30° indicating strong internal deformation that must
be accommodated by dislocation arrays (Fig. 10b).

The EBSD map shows progressive increase of deformation and
crystal lattice misorientation toward the border of the large grains.
Subgrain boundaries form and gradually increase in misorienta-
tion until forming high angle boundaries (larger than 10°) and
new grains. All these microstructures are typical for the defor-
mation of large grains at relatively low to medium temperature
and result from progressive recovery, low-temperature grain-
boundary migration or bulging and some subgrain rotation
processes (e.g. Hirth and Tullis, 1992; Stipp et al., 2002; Bestmann
and Prior, 2003; Passchier and Trouw, 2005). The recrystallized
small grains that surround the large grains are generally named
mantle (sub)grains (e.g. White, 1976). The bulges separate from
the host grains to form small independent new grains after sub-
grain formation. These processes are considered to be mainly
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Fig. 9. Thin section pictures of a calcite vein in fine-grained calcite rock showing a pinch-and-swell structure from the same location as Fig. 8. The vein shows heterogeneous grain-
size distribution with large grains of several millimeters in the swells (a, b and d) and grains of about 25 pm in the pinch (c). Progressive grain-size reduction is observed from the
swell toward the pinch (a and b). Coarse grains exhibit abundant twins that are frequently bent and deformed. Subgrains are around the coarser grains due to the deformation (see

text for detailed description).

controlled by dislocation glide (e.g. regime 1 of Hirth and Tullis,
1992) for the relatively low deformation temperatures for these
calcite veins (around 330—350 °C, Herwegh and Pfiffner, 2005).
This analysis is in agreement with work of De Bresser and Spiers
(1990, 1993) and De Bresser (2002), who suggested that disloca-
tion glide in combination with cross slip (rather than dislocation

climb) is the mechanism controlling creep of calcite at low to
intermediate temperature and stress. Cross slip is a process in
which dislocations overcome obstacles in the glide plane by
gliding onto a plane oriented oblique to the original glide plane
(De Bresser, 2002). For such cross slip, values of n are larger than
10 (De Bresser, 2002).
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The observed microstructures and the presence of bent twins
indicate dislocation creep by mainly glide and low-temperature
grain-boundary migration as the dominant deformation mecha-
nism in the swell area and in the thicker pinch (left pinch in Fig. 9a),
which was thinned by a factor of about four. Intensive grain-size
reduction reduces the coarse grains in the swell to progressively
smaller grains toward the pinch where the grain size is about 10
and 30 um, which is slightly larger than the grain size in the matrix.
The grains in the pinch have isotropic shape and lack undulose
extinction or twins. The absence of internal deformation and the
small size of the grains suggest a strong component of grain-
boundary sliding accommodated by diffusion creep (or granular
flow) in the pinch. Therefore, a change of deformation mechanism
from dislocation creep dominated to diffusion creep dominated can
occur when the pinch was already thinned considerably.

Using the exponential flow law for calcite from Renner and
Evans (2002) and Renner et al. (2002) with differential stresses
between 100 and 250 MPa, temperatures between 300 and 350 °C
and a grain size of 1 mm provides values of the apparent stress
exponent between 14 and 34 (higher values for higher stresses).
These estimates suggest that (1) the stress sensitivity on strain-rate
was weak in the calcite, (2) the deformation of the calcite was likely
close to a perfectly plastic deformation and (3) that conditions for
pinch-and-swell formation were favorable. In summary, the field
observations, the microstructures, the studies on deformation
mechanisms and the experimentally derived flow laws are in
overall agreement and support a flow law with high effective values
of n (i.e. low-temperature plasticity) to describe the deformation of
the observed calcite veins.

Estimates for the deformation mechanism based on existing
flow laws can also be made for the pinch-and-swell structures
shown in Fig. 1. Fig. 1a shows calc-silicate layers in coarse-grained
calcite marble. For such marble, many rock deformation creep
experiments yield power-law stress exponents around 5 assuming
a power-law flow law and dislocation creep (e.g. Carter and Tsenn,
1987). The mineral composition of the calc-silicate layers is in
general highly variable but for the layers shown in Fig. 1a, the
dominant minerals are likely plagioclase and diopside (Peter Brack
and Lukas Baumgartner personal communication, also Brack, 1981,
1985). The temperature during the deformation has been probably
around 500 4 30 °C (Lukas Baumgartner personal communication).
For 500 °C, the exponential flow law for Diopside from Dorner and
Stockhert (2004) provides an effective power-law stress exponent
of about 35 for a strain rate of 107 s~ and of about 38 for a strain
rate of 10712 s~1. Furthermore, Rybacki and Dresen (2004) pre-
sented deformation mechanism maps for feldspar rocks and the
results show that for a temperature of 500 °C and a strain rate of
10712 s~ the stresses in a wet anorthite are >400 MPa. Therefore,
the deformation behavior is low-temperature plasticity by dislo-
cation glide and/or semibrittle flow. However, it is difficult to assess
which flow law would most accurately describe the deformation of
the calc-silicate layer. The presence of plagioclase and diopside in
the layers and the temperatures around 500 °C at least indicate
high effective values of n and suitable conditions for pinch-and-
swell formation without the need for softening mechanisms. The
pinch-and-swell structure in Fig. 1b shows a calcite vein in lime-
stone from the Doldenhorn nappe (Gemmipass, Leukerbad,

Switzerland). Maximum temperatures between 300 and 350 °C
were estimated using geothermometry (Herwegh and Pfiffner,
2005). As for the calcite veins shown in Fig. 8, these temperatures
and the grain sizes around 1 mm indicate effective power-law
stress exponents significantly larger than 10, which can explain
pinch-and-swell formation by necking instability.

5. Discussion

The calcite veins displayed in Figs. 8 and 9 likely formed with
more or less constant thickness and the initial grain size in the vein
was likely similar to the grain size in the swells (i.e. larger or equal
around 1 mm), which presumably have been deformed least.
Microstructural observations indicate that the grains deformed and
progressively reduced in size toward the pinch by dynamic
recrystallization. This dynamic recrystallization is due to low-
temperature grain-boundary migration and subgrain rotation,
which are controlled by dislocation glide and cross slip. Flow laws
describing rock deformation controlled by these mechanisms
exhibit, in general, values of n significantly larger than 10 and such
deformation behavior is referred to here as low-temperature
plasticity. Field data, microstructural observations, calcite flow
laws and the numerical simulations suggest the following scenario
for the formation of the pinch-and-swell structure and shear zones
in the calcite veins shown in Figs. 8 and 9: (1) the calcite veins form
with different thicknesses but each vein has more or less constant
thickness; (2) the dominant grain size in the veins is initially larger
or equal around 1 mm; (3) the calcite veins are extended parallel to
the veins; (4) the deformation behavior of the calcite veins
preserving near constant thickness is dominated by low-
temperature plasticity; (5) the large effective stress exponents
cause significant necking instabilities in the extending calcite
layers; (6) during the deformation and necking the grain size is
continuously reduced; (7) in closely spaced calcite veins, shear
zones form due to the oblique linkage of pinches across the calcite
multilayer; (8) the grain size remains large in the swells, which
experience the least deformation, whereas the grain size decreased
the most in the thinnest pinches, which experienced most of the
deformation; and (9) in the highly thinned pinch the deformation
mechanism has changed, at some stage, from dislocation creep
dominated to diffusion creep dominated. This interpretation only
considers the layer extension, which most likely was dominated by
the pure shearing.

A good understanding of processes and behaviors during ductile
deformation enables the use of observed structures to infer (1)
deformation history (e.g. amount of strain, pure or simple shear
etc.) and (2) paleo-rheology (e.g. linear or non-linear viscous,
viscosity ratio, softening mechanism active or not etc, e.g.
Passchier et al., 1993; Kenis et al., 2004). Hence, if the formation of
pinch-and-swell structure for small viscosity ratio involves mate-
rial softening, then pinch-and-swell structure can be used to infer
past material softening. A number of workers have inferred such
a relationship (e.g. Neurath and Smith, 1982; Rutter, 1998; Hobbs
et al, 2010). However, our numerical simulations show that
material softening, such as strain and strain-rate softening, is not
necessary for pinch-and-swell formation, even for small viscosity
ratios. Low-temperature plasticity is another behavior that can

Fig. 10. a) EBSD inverse pole figure (IPF) map of the interior of the swell of a calcite vein similar to Fig. 9 and from the same location. The large grains have been toned up to better
image the small grains that developed between them. Parallel bands of small grains develop inside the large grains, dividing them in several subparts. These bands can be both
oblique and parallel to the twins. The twins of the large grains are slightly bent. b) Misorientation gradient map with reference orientations in the host domain I, the twin domain II
(twins oriented from low-left to up-right) and twin domain III (twins oriented from up-left to low-right) of the large grain. The large grains show strong intergranular misori-
entation of more than 30°. The oblique bands of small grains that divide the large grain into subparts indicate limits of strong misorientation inside the large grain. In both maps,
black lines are high angle boundaries (>10°, see text for detailed description). The three larger circles in b) are zooms to better image examples of bulging recrystallization (BLG) and

subgrain rotation (SR).
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cause formation of pinch-and-swell structure for small values of R.
Therefore, the question as to whether observed pinch-and-swell
structure was generated by a fluid dynamic instability during vis-
coplastic flow or softening behavior cannot be answered by the
presence of the pinch-and-swell structure itself. More observations
are needed to evaluate the deformation behavior for each pinch-
and-swell structure. For example, Renner et al. (2002) published
a flow law for dislocation creep of calcite that can exhibit large
effective stress exponents and is also dependent on grain size. This
grain size dependence can cause softening due to grain size
reduction. The quantification of the relative importance of plas-
ticity (i.e. large effective stress exponent) versus softening requires
more observations and mathematical analysis.

A mechanism that can also cause and significantly increase the
necking instability is viscous strain heating. This thermodynamic
feed-back mechanism is well studied (e.g. Schubert and Yuen, 1978;
Brun and Cobbold, 1980; Regenauer-Lieb and Yuen, 1998; Kaus and
Podladchikov, 2006; Braeck et al., 2009), but its involvement in
tectonic deformation and geological structures has mainly focused
on large-scale ductile structures (say layer thickness >100 m, e.g.
Hobbs et al., 2007; Burg and Schmalholz, 2008; Schmalholz et al.,
2009) rather than small-scale systems, such as layers with thick-
nesses of 1-10 cm. Recent studies, however, suggest that viscous
strain heating can also be important on the small-scale if visco-
elastic stress relaxation and high initial stresses are considered
(Braeck and Podladchikov, 2007; John et al., 2009).

Most viscously deformed rocks with layer-parallel shortening
exhibit folds. A well developed and continuous pinch-and-swell
structure is not as common in rock with layer-parallel extension,
so that pinch-and-swell structure seems to be less abundant than
buckle-folds, which is a contention based only on the authors’
personal experience during field work. The lesser abundance of
pinch-and-swell structure is plausible mainly because of two
reasons: (1) the formation of pinch-and-swell structure requires
large effective stress exponents and/or material softening, whereas
the formation of folds does not; and (2) for multilayers, initial
pinch-and-swell formation can be replaced by shear zone forma-
tion, whereas multilayer folding is usually not replaced by another
style of deformation.

6. Conclusions

The von Mises plasticity is used to model low-temperature
plasticity for dislocation glide. Rock deformation in the low-
temperature plasticity regime usually exhibits a significantly
weaker stress dependence on strain-rate than in the dislocation
creep regime. Therefore, effective (or apparent) power-law stress
exponents are significantly larger than 10 for flow laws applicable
in the low-temperature plasticity regime.

Pinch-and-swell structure can form in a viscoplastic layer
exhibiting a power-law flow law and a von Mises yield stress for
small reference viscosity ratios between layer and viscous matrix
(10—20) and small power-law stress exponents (1-5). Both the
power-law flow law and the von Mises plasticity do not require
material softening. Therefore, material softening, such as for
example strain-rate softening, is not essential for the formation of
pinch-and-swell structure. Consequently, detailed microstructural
observations are necessary to determine the role of material soft-
ening during pinch-and-swell formation. For example, microstruc-
tural observations and EBSD data for a set of calcite veins indicate
that the deformation during pinch-and-swell formation was domi-
nated by dislocation glide and low-temperature grain-boundary
migration, which are processes of the low-temperature plasticity
regime. Therefore, material softening likely played a minor role
during the formation of the observed pinch-and-swell structure.

The numerical simulations for initial random geometrical
perturbations show that pinches and individual boudins do not
need to develop simultaneously. Individual boudins with larger
aspect ratios are continuously stressed during bulk extension due
to shear coupling with the matrix and additional pinches can form
in their centers. Simulations of multilayer pinch-and-swell struc-
ture show that pinches can form on different scales, i.e. the scale of
the individual layer and the scale of the multilayer. The multilayer
simulations also show the development of shear zones that exhibit
significant displacement. This shear zone formation is a true
multilayer effect for the applied model set-up because such shear
zones did not develop in the single-layers. The basic features of the
numerical simulations, such as (1) strongly varying distances
between individual boudins, (2) not fully developed pinches within
individual boudins and (3) shear zones with normal drag geometry
in multilayers, are also observable in nature.

Pinches developed during pure shear extension in the simula-
tions with single layers. These pinches resulted from a necking
instability and represent one mode of strain localization. In the
simulations with multilayers, shear zones developed due to the
oblique linkage of pinches across the multilayer. These simulations
can explain strain localization by shear zone formation during bulk
pure shear extension of viscoplastic multilayers without any
material softening or feed-back mechanism (e.g. shear heating).
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